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FFT Test of A/D Converters to Determine the
Integral Nonlinearity
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Abstract—in this paper, the use of the fast Fourier transform  showing that the FFT test can also reconstruct with a very high
(FFT) test to measure the integral nonlinearity (INL) of analog-to-  accuracy the INL, but only when it is a sufficiently smooth
digital (A/D) converters is examined. The derived INL is alinear e There is, therefore, still much to investigate, particularly
combination of Chebyshev polynomials, where the coefficients are . .
the spurious harmonics of the output spectrum. The accuracy of aboutthe testaccuracy inreal cases, where !Jsua“ythe gt is .
the test is examined theoretically, in simulations and in practical & Smooth curve and, on the contrary, contains a number of dis-
devices, particularly for the critical (and typical) case when sudden continuities. The present work, therefore, developing previous
jumps are present in the actual INL. The examined methodology results [4], presents i) a summary of the known theory con-
appears to be very convenient when the device under test has high necting Chebyshev polynomials and static nonlinearity, i) some

resolution (1620 bits) and a smoothed approximation of the INL . e . e
is sufficient(, as the FF')I' testis in this case ﬁ%usands of times fastertheore’['Cal clarifications related to the specific problem of the

than the customary histogram test and static nonlinearity test. static nonlinearity in ADCs, iii) simulation results taking into
consideration the problem of discontinuities in the INL, and, fi-

nally, iv) experimental results on actual converters with different
characteristics.

Index Terms—Analog-to-digital (A/D) conversion, Chebyshev
functions, discrete Fourier transform.

I. INTRODUCTION Il. KNOWN THEORY ABOUT STATIC NONLINEARITY
HE static transfer function of an analog-to-digital con- AND CHEBYSHEV POLYNOMIALS

verter (ADC) and the associated static error [integral non- A nonlinear static characteristic= ¢(z), when stimulated

linearity (INL)] are metrological quantities of primary interesby a sinusoidal input in the form(t) = V coswt + C, gives a
when designing or assessing an appliance including such a gériodic output in the form

vice. A well-known test method, for this purpose, is the code o
_density or histogram test [1_]. T_he main advanta_lg_e_ of this test is y(t) = %0 + Z an, cos(nwt). 1)
its “brute force” nature, which implies the possibility of a very 2 =

high accuracy: by acquiring a sufficient number of samples, it

can measure the ADC static characteristic with (in principle) Pe functiong(z), if this is a polynomial function. We must

uncertainty as small as desired, regardless of the particular sh D€ the well-known Chebyshev polynomials of the first kind
of the INL. The price to be paid for the accuracy is in terms 2) that, besides meeting the identity, (cos 8) — cos(nf),
i '

time as the necessary number of samples for a given accur : L :
. . . . ) orthogonal with respect to the weighting functigh — .2
increasegxponentiallywith the number of bits. This drawback 9 P ghting v

kes the hist test unfeasible with | d. high éthatis, proportional to the reciprocal of the density of the terms
makes the histogram fest unieasiblie with low-speed, hig 'ra‘:fcos(nwt)]. The orthogonality makes it possible to expand a

olution ADCs (16 bits or more). For this kind of device, it is ; . .

usually convenient to use the fast Fourier transform (FFT) tegt(?nerlcf(x) in the series

that can be satisfactorily performed using as few as eight thou- ) o —

sand samples, regardless of the ADC resolution. One drawback fla) = D) + Z cnCn(x) @)

of this test is, on the other hand, that it yields a frequency-do- o _"‘:1

main description of the integral nonlinearity, which cannot b&here the coefficients, are given by

directly employeq for qs;essing thg uncertainty of a static mea- 2 U (@) Cn() p 3

surement, or for linearizing the static characteristic. Cn =7 /71 el z. ©)
Based on these considerations, it comes to attention the idea o o o

of deriving the ADC integral nonlinearity from the outcome NOW itis simple to verify that by substitutings(wt) = =

of the FFT test, as this is in principle possible by exploitinff (1), after simple algebraic manipulations, we obtain

A simple relationship exists between the coefficiantsand

a known theoretical property of the Chebyshev polynomials. 2 (1 g(Vz+C)Cu(z)
h f k ina this i 21— Ay = — — 7 . (4)
There are a few works concerning this issue (see e.qg., [2]-[4]), T ), N

It is, therefore, obvious that an expansiory¢f) in the sum
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This formula (that can be easily extended to the case of input

with nonzero phase(t) = V cos(wt + ) + C allows one, ,T—‘I ’
in principle, to measure exactly a polynomial nonlinearity via a 900
simple FFT test. The trouble is that, of course, the static transfer

function of an ADC is not always a polynomial. Wheifiz) @
is not a polynomial, (5) is the best approximation of the non-
linear function in the sense that, among all the polynomials of N _AL) > ﬁ >
the same degree, it minimizes a weighted sum-squared-error. 7]

However, this is not very helpful when one wants to krfmow 9:(x)
mUChthe_ error will _be ina pra_ctlcal C"’?Sfe' |n. addition to the fa(Eig. 1. Decomposition of the discontinuous characterigtic) of a nonlinear
that one is usually interested in quantities different from the SURBC. The integral nonlinearity is actually given by the smoother nonlinear
squared error, e.g., the maximum absolute error. Thereforefunctiong. (z).

order to use confidently the Chebyshev polynomials theory in
ADC testing, further analysis is certainly needed, starting fro—~ o6
some theoretical clarifications about nonlinearity in ADCs.

quant(x)

04

IIl. ADC-RELATED THEORETICAL ISSUES 02

The nonlinear characteristig(«:) of a simple ideal ADC 7 ©
has a very large number of small and equispaced discontint% g
points. A satisfactory polynomial approximation of such .z
nonlinearity would require, of course, an impractically larg § 04
number of terms. In short, (5) is not directly very useful ir% 06
quantization theorythis is perhaps the reason why it has bee 2
seldom tested in the field of ADC testing.

It must be considered, however, that determining the INL« -1
an ADC does not require finding a polynomial approximationc 4,
its overall transfer characteristi€x), which is irreducibly dis-
continuous: the polynomial shall approximate, instead, a co 144 05 0 05 1
siderably smoother function. This can be made clear by cons input [V]
ering the simple nonlinear ADC model of Fig. 1, in which the _ _ _
overallg(x) is seen as the cascade of a nonlinear fungfi¢n) 19 2. Comparison bet""?eﬁa).(””l.) - {hick, smootn ne) and the averal
and the ideal quantization functigmant(z). All the functions "°""eYe(r) =« (eratic, thin line) in a simulated ADC.
gs(x) such thalgs(z) — g(z)| < 0.5 LSB can be equivalently
employed in the model; for examplg,(x) can be a linear piece- a single-tone signal a very large number of small harmonics,
wise function that connects the point§/( ¢,.), with ¢, the actual whose power sums up to aba@t /12 [5], [6]. Therefore, the
andti? the ideal threshold levels. Now, the following are easilgffect ofquant(z) is negligible if the ADC resolution is conve-
seen as follows. niently high and if the nonlinearity,(z) can really be approxi-

. Measuring the INL is equivalerit to measuring the mated by a polynomial of reasonable order. Of course, the FFT
functiong, (z), as the actual threshold levels are givekest must be performed employing a coherently sampled sine
by tx = g7!(ti%), where are knowm priori from the Wave, so that the harmonics produced by quantization spread
ADC output levels. uniformly throughout all the DFT bins. In this case, the under-

«  ltis reasonable to suppose, at least as a first-order 4909 polynomialg,(z) produces a moderate number of large
proximation, that golynomialg,(z) exists such that harmonics, while quantization produces a “noise floor” made
quant(g.(z)) = g(z) [thisis also justified considering Of & large number of uniformly distributed small harmonics.
the freedom allowed in choosing(z)].

The above statements are illustrated by Fig. 2, that shows |V. DESCRIPTION OF THEALGORITHM TO DERIVE
the overall nonlinearity)(z) of a simulated ADC and a func- THE INL FROM THE FFT TEST

tion g, () such thatyuant(gs(x)) = g(x). However, in order  The algorithm for the fast measurement via FFT test of the

to derive the smooth, () from the output spectrum producedNL of an ADC [fully represented by, (x)] can be outlined in

by the whole characteristig, = quant(gs(z)), itis necessary three steps.

that the effect of thquant(z) function on the spectrum be neg- - As a first step, apply a sinusoidal signal with the usual char-

ligible. According to well-known theory, quantization adds tQcteristic prescribed by the IEEE Standard [1] for the FFT test,
that is

1) the peak-to-peak amplitude must be as close as possible
to, but without exceeding, the ends of the full-scale range,

-0.8

Iwe assume in this paper the standard definition [1] of integral nonlinearity:
inl, = ¢} — Gt;, — O, with G andO two constants chosen according to a
sensible criterion (e.g., minimizaax |inl,| or Y inl?).
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so that the ADC is fully stimulated without introducing 04
saturatioA;

2) noise and spurious harmonics must have small enou 02
power (below the ideal quantization noise level of the AD(
under test).

The parameters of the sampling (signal frequency, samplii
frequency and duration of the sampling) must be chosen, .
usual, so that the outpytkTs), kK = 0 : N — 1 has an integer
number of periodsv,,, prime relative to the numbey of sam- AT B g
ples coherent sampling The output sine waveg(kT) should e ﬁ%@@ § ® b

: : - 06 Sy e :

also have approximately null phase. It is also important that tt &g B ¥ 3

signal frequency is not too high, compared with the apertu éf» 2

time and the overall dynamic performance of the ADC unde 08— ' ' @ ' 5%’

test: the test is indeed aimed at measuringstia¢ic character-

istic, avoiding the onset of dynamic effects like hysteresis. 1, 05 o 05 1

As a second step, evaluate the FFT input [V]

o

nonlinearity [LSB]

o) <)

» [N

| B

P

o TR
P a
et

. e _jomik/N Fig. 3. FFT-test results for the first simulated ADC, reporting the true INL
Y (i) = Z y(kT5)e™ i=0:N-1 (6) (———)andthe estimated one for the 8-bit (000), 12-bit (xxx), 16-pits +),

k=0 and 20-bit ¢ x *) case.
and find the indexes, = (nN, mod N) withn =0,1,2,...,
then evaluate the coefficients 1
Y (io)
ag = 7
N; 05
2Y (i, ~
an = ]E[ ) n = 1,...N}L. (8) g ‘;ﬂ%
® Ty
The maximum indexV;, of n can be chosen so that all the har i 0 .
monicsY (i, ) above the noise floor are included. This procedur g‘ '
yieldsexactlythe coefficients of the Fourier series expansion (:E
of y(¢) if the signalis coherently sampled, is a series of cosine §
andis made ofN;, < N/2 harmonics As a third and last step,
find the NV;,° polynomial that approximates () using (5). A

It must be highlighted that the zero-phase requirement
y(kTs) is not essential in practice: a possible nonzero phase «
be easily nullified with a simple digital “rotation” on the real ;g
axis of the complex harmonics given by the DFT formula (6). -1
A practical problematic issue is that some out-of-phase hi.
momc; (I'e" harmonics with nonzero sine terms’ even if ﬂll?g.4. FFT-test results for the second simulated ADC, reporting the true INL
input signal and the fundamental are perfect cosines) can 0CELE —) and the estimated one for the 8-bit (000), 12-bit (xxx), 16-piti +),
in an actual test. While small deviations from the ideal caged 20-bit ¢ « «) case.
(when all the harmonics are perfectly in phase) can be ascribed

to system noise, the presence of meaningful out-of-phase cqjfjter simulations, which allow choosing freely the static non-
ponents is a clear indication that the time-invariant no-memofyearity of the device under test. It must be expected, indeed,
model of the ADC under test cannot be considered valid. In SUgf the test performance depends heavily on the nature of the
? sguatlon.,b:)n(tahshould l!OW?r the smt;;mdr;l S|tgnal frequenﬁl}'nctiong(x) or, more precisely, on the degree of the smoothest
and, possibly, the sampling frequency) in order to measure o ; ;
the stgtic por}t/iomf the (?yngmicqnonliri/ear characteristic of th dssible polynomlagz_s(x) such thatwant(gs (z)) = 9(@)- :
device. which is the qoal of the test Because of this primary observation, the test has been tried on
' 9 : simulated ADCs with three differept (z): the first without dis-

continuities, the second with three large discontinuities (about
1 LSB), and the third with five large discontinuities. Eaglix)

In order to provide some evidence of the performance of tings been cascaded, in order to produce the overall nonlinearity,
described test method, it is mandatory first to verify it via conwith an ideal quantization function of 8, 12, 16, and 20 bits,

2Using a slightly saturating sine wave does not impair the test results muawq coyerlng a wide range of reso,lu“FmS' It must be noted that
in principle, regarding the reconstructed static characteristic (which in this cd ratio of the INL and the quantization step has been kept the

will include, of course, the inherent saturation of the converter). Avoiding sakame at all resolutions; in other words, in the simulations the
uration, however, allows one to use the same FFT test to also obtain correct . INL | bout 1 LSB. i th itude that
measurements of other standard figures of merit (e.g., spurious-free dynafle@XImum was always abou »1.€., Ihe magnituae tha

range, total harmonic distortion, effective bits, etc.) can be actually observed in real-world converters.

input [V]

V. SIMULATIONS
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Fig. 5. FFT-test results for the third simulated ADC, reporting the true INFig. 6. Comparison between the results of the 8,192-point FFT-test (thick,
(— — —) and the estimated one for the 8-bit (000), 12-bit (xxx), 16-bit{ +), Smooth line) and results of the histogram test (thin, erratic line) for an actual
and 20-bit ¢ x ) case. 8-bit ADC.

Figs. 3, 4, and 5 show the results of the simulated tests, com-
paring the truey,(z) (— — —) with the estimation made via the INL of an ADC if this function is smooth and without dis-
the 8192-point FFT test, in the case of 8-bit (000), 12-bit (xxxgontinuities, while small errors occur near the jumps of the INL
16-bit (+ + +), and 20-bit ¢ * ) ADC. It is obviously con- If thisis a discontinuous function. Itis intuitive that the method
venient to use an integer power of two number of samples §8nnot be used to detect very narrow pulses or oscillations in the
optimize the computational performance of the FFT aIgorithrH\.‘L function, but the cases reported here show that continuous

In all the simulations, only the harmonics above the noise floBPrtions of reasonable size in the INL are well approximated by
level have been considered. the polynomial derived via the FFT test.

In real-world ADCs, however, the INL can have very different

In the first case, the test resulted in an 18th-degree polyno—d ‘ h qiti ible to ask for a d rai ¢
mial. It is evident that the obtained estimate is very accurate: tfjg¢ Strangé shapes andtis sensible to askiora demonstration o

maximum error in measuring, () is indeed about 0.05 LSB. the_t_est i_n some practical cases. In the next section, experimental

This strikingly good performance is clearly due to the smootP{-e”ﬂcat'onS of the method are therefore reparied.

ness ofgs(z). In order to really understand the advantage of

the FFT method for this case, one should think of how many VI. EXPERIMENTAL RESULTS

samples would be needed for the same accuracy, if a standargig. 6 presents the results relevant to the first experimental

histogram test were employed to test a 20-bit ADC. test, performed on an actual 8-bit ADC. The “true” nonlinearity
The simulations relevant to the second and the third case shwas derived performing a histogram test with a highly pure sine

that the test is more critical when dealing with discontinuities Wwave (the same subsequently utilized for the FFT test) and with

the static characteristic. Of course, a higher number of terms gtgne thousands of samples per each code bin. The figure shows

needed to approximate satisfactorily the INL: the method yieldtearly that the trug; (-) presents many fast variations, one of

a 27th-degree polynomial in the second case with three large digrich is particularly larges£ 0.5 LSB at the input level of about

continuities and a 33rd-degree polynomial in the third case withv). The FFT test yields an 8th-degree polynomial approxima-

five large discontinuities. More important, from these simulgion of this curve (eight is the maximum harmonic order above

tions comes evidence that larger measurement errors are pregenthreshold), which is clearly very close to the true and passes

near the discontinuities. This is a clear consequence of the regaethe middle points of its discontinuities.

sentation of;(z) as a truncated series of orthogonal functions: Fig. 7 shows the results relevant to the second test, performed

as expected from theory, the reconstructed function passesopyan actual 12-bit ADC. Also in this case the accurater),

the midpoints of the discontinuities of the true INL and neajielded by the histogram test, has many sudden variations, too

these jumps a clear “ripple” can be observed. The ripple, in pa#st for a polynomial approximation (some of them are larger

ticular, is more apparent in the last case, when the jumps @i@n 0.5 LSB). The 19-degree polynomial yielded by the FFT

closer each other. It can be seen, however, that the maximtest with only 8,192 samples is, however, a very good smooth

measurement error in the continuous pieces of the INL is abaygproximation of the trug, (=) and again it passes at the middle

0.1-0.15 LSB, which can be considered acceptable, especi@iynts of the jumps.

if one considers that the measurement has been achieved witfihe results obtained on actual converters, therefore, confirm

very few samples compared to the ADC resolution. that the FFT test should not be considered at all reliable for
Summing up, the simulation results indicate that the FFT tesbtaining an estimate of thmaximum statidNL, as this test

with about 8,000 samples is able to reconstruct very accurateypractically “blind” to very fast variations in the nonlinearity.
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04 ' to minimize the distortion and maximize the spurious-free

| dynamic range. Further investigations are needed to develop
these issues and, possibly, make the FFT analysis more useful
in the field of ADC and instrumentation testing.

REFERENCES

[1] IEEE Standard 1057/94 for Digitizing Waveform Recorgérsc. 1994.

[2] D. Bellan, G. D’Antona, M. Lazzaroni, and R. Ottoboni, “Investiga-
tion of aADC nonlinearity from quantization error spectrum,"Hroc.
EWADC Bordeaux, France, Sept. 1999, pp. 55-58.

[3] A.J. E. M. Janssen, “Fourier analysis and synthesis for a mildly non-
linear quantizer,” Philips Corp. Nat. Lab., Report UR 801/99.

[4] F. Adamo, F. Attivissimo, and N. Giaquinto, “Measurement of ADC in-
tegral nonlinearity via DFT,” ilProc. EWADC 2000vol. X, Wien, Aus-
tria, Sept. 2000, pp. 3-8.

[5] A.G. Clavier, P. F. Panter, and D. D. Grieg, “Distortion in a pulse count
modulation system,Trans. AIEE vol. 66, pp. 989-1005, Nov. 1947.

-4 -3 2 -1 0 1 2 3 4 [6] ——, “PCM distortion analysis,”Elect. Eng, pp. 1110-1122, Nov.
input [V] 1947.
[7] D.Bellan, A. Brandolini, and A. Gandelli, “Quantization effects in sam-

Fig. 7. Comparison between the results of the 8,192-point FFT-test (thick, ~ Pling processes,” irProc. IMTG Brussels, Belgium, June 1996, pp.

smooth line) and results of the histogram test (thin, erratic line) for an actual ~ 721-725.

12-bit ADC.

nonlinearity [LSB]

The test is instead very efficient in determining the smooth part . . . s
—— - — ; rancesco Adamareceived the M.S. degree in electronic engineering from the
of the INL, which is responsible for the harmonic distortion (th@olytechnic of Bari, Bari, Italy, in 2000. He is currently pursuing the Ph.D. de-

“noisy” part of the INL contributes mainly to the quantizatiororee at the Department of Electrics and Electronics, Polytechnic of Bari.
noise floor) His research interests are in the field of electronic measurement on devices
’ and systems, digital signal processing for measurements and ADC modeling,
characterization, and optimization.
VIl. CONCLUSION

From the illustrated theory, simulations and experiments it

is clear that the FFT test is incomparably faster than the hispppo Attivissimo received the M.S. degree in electronic engineering and the
togram test in measuring the integral nonlinearity—especial.D. degree in electric engineering from the Polytechnic of Bari, Bari, Italy, in
for high-resolution ADCs—but it has a drawback that must af?92 and 1997, respectively.

. . . .. . Since 1992, he has worked on research projects in the field of digital signal
ways be keptin mind, i.e., it gives only thest polynomial ap- processing for measurements with the Polytechnic of Bari. He is presently an

proximation of a given degrei® the INL. Since in actual con- Assistant Professor with the Department of Electrics and Electronics, Poly-

verters the INL is usua”y very erratic on a microscopic Scaféchnic of Bari. His research interests are in the field of electric and electronic
easurement on devices and systems, including estimation theory, ultrasonic

(e, it is in _the strict sense a very-high-order non"nearitygl:‘nsors, digital measurements on power electronic systems, spectral analysis,
the results yielded by the FFT should never be used to assess ADC modeling, characterization, and optimization.

for example, the maximum static INL usually reported in ADC

data-sheets and in instrument specifications. The strong point

of the test is that a few thousands of samples (8,192 inthe pre- . . . . . .
. ... Nicola Giaquinto received the M.S. and the Ph.D. degrees in electronic engi-
sented results) are sufficient to measure the characteristic WjEying from the Polytechnic of Bari, Bari, taly, in 1992 and 1997, respectively.

small errorsregardless of the ADC resolutiotiis easy to check  Since 1992, he has been working on research projects in the field of digital
experimentally [4] that four to eight thousand samples are Siznal processing for measurements as a member of the Polytechnic of Bari and,

= . . . rom 1997 to 1998, as a member of the Casaccia Research Center of ENEA.
ficient if the ADC under test is not too noisy: more samples is currently Assistant Professor with the Polytechnic of Bari, teaching and

not improve meaningfully the test accuracy, while fewer samesearching in the field of electronic measurements, with special regards to A/D

ples make the results less repeatable. and D/A converters testing, spectral analysis, ultrasonic sensors, and computer
The FFT test for measuring the INL can be, nonetheless, vé’@'on'

useful for a number of different uses. First, it can be very accu-

rate when the ADC has a smooth nonlinear characteristic. This

circumstance is especially likely to occur when resolution-eRtario Savino (M'85) was born in Bari, Italy, in 1947 and received the degree

hancement techniques likdithering are used, because thesd electrotechnical engineering from the University of Bari, Bari, Italy.

hni v " th . h istic. S ince 1971, he has been with the Electrotechnical Institute (now the Depart-
techniques usually "smear” the static characteristiC. S€CORGt of Electrics and Electronics, Polytechnic of Bari), and was a Researcher

the measured polynomial approximation of the INL can htil 1973, an Assistant Professor from 1973 to 1982, an Associate Professor
useful for many different uses. for example to assess differdigm 1982 to 1985, and has been a Full Professor since 1985. Currently, he is

. . L ean of the Faculty of Engineering. He is author or co-author of more than 100
(bUt not less |mp0rtant) flgures of merit like tman'squared papers published in international scientific reviews or proceedings. His field of

INL (which is related to thedistortion powerintroduced by interests in teaching and research are mainly electric and electronic measure-
the ADC). Even more interesting is the possibility of using th@ents, particularly digital signal processing and artificial intelligence in mea-

. . . . . spring systems.
FFT-derived polynomial nonlinearity to implement a fast andJProf. Savino is a Member of the Italian Electrotechnical and Electronic So-

computationally inexpensiviinearization algorithm in order ciety (A.E.l.) and Chairman of the TC-4 technical committee of IMEKO.


papay
Highlight

papay
Highlight


	Index: 
	CCC: 0-7803-5957-7/00/$10.00 © 2000 IEEE
	ccc: 0-7803-5957-7/00/$10.00 © 2000 IEEE
	cce: 0-7803-5957-7/00/$10.00 © 2000 IEEE
	index: 
	INDEX: 
	ind: 


